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1. INTRODUCTION 
The concept of multiplication groups of quasigroups was introduced by 
Albert Cl] and the connection between quasigroups and corresponding 
multiplication groups has been studied by Bruck [6], Smith [20] and 
Ihringer [14, 151. 
While studying the multiplication group of a loop Q (a quasigroup with 
neutral element) a central role is played by the stabilizer of the neutral 
element. This subgroup 1(Q) of the multiplication group is called the inner 
mapping group of Q. If Q is a group then it is clear that r(Q) consists of 
the inner automorphisms of Q. We also know that a loop Q is an abelian 
group if and only if 1(Q) = I. 
In this paper we study some properties of the inner mapping group and 
we also give a partial answer to the question: What are the multiplication 
groups of loops? This question is closely connected to certain transversal 
conditions. Sections 2 and 3 are devoted to investigating these conditions 
and in Section 4 we characterize multiplication groups of loops with the aid 
of these conditions. In the same section we prove one of our main results: 
If Q is a finite loop whose inner mapping group is cyclic, then Q is an 
abelian group. Finally, in Section 5 we use the properties of the inner 
mapping group in order to show that certain groups are not multiplication 
groups of loops. We also give examples of groups which are multiplication 
groups of loops. 
Our notation is standard and for basic facts about groups and loops WC 
refer to [4,7, 133. 
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2. CONNECTEII TRANSVERSALS 
Let H be a subgroup of G. We say that a left transversal A to H in G 
is stable if Ax is a left transversal to H in G for every XE G. Stable trans- 
versals are sometimes also called loop transversals. They are discussed, e.g.; 
in [3, 15, 163. It is not difficult to prove 
LEMMA 2.1. The following conditions are equivalent: 
(1) A is a stohle transversal to H in G, 
(2) A Y is u left transversal to H in G for ever)) g E G, 
(3) AS is a right trunsversal to H in G for every g E G. 
Let A and B be two left transversals to H in G. We say that A and B 
are H-connected if [A, B] d H. If A is a left transversal to H in G and 
[A, A] d H, then we say that A is an H-selfconnected transversal. 
Now we denote by L,(H) the core of H in G. Suppose that A and B are 
H-connected and L,(H) = 1. If XE A n H, then b ‘x ‘bxE H for every 
b E B. But then x E L,(H) = 1, hence 1 E A. In the same way we can show 
that 1 E B. Now it is clear that if A is an H-selfconnected transversal and 
L,(H) = 1, then 1 E A. 
LEMMA 2.2. Let A and B be H-connected transversal.~ in G. Then A und 
B ure both stable transversuls to H in G. 
Proqf: Consider the set Ax, where XE G. Let a, CE A and x = bh, 
where be B and hE H. If (ax)-‘(cx) E H, then h ‘b-‘tr ‘chlz~ H and 
h ‘a ‘ch E H. Now 
a ‘c = (a-lb-. ‘ab)(b ‘u ‘cb)(h- ‘c ‘bc), 
hence c1-‘c E H and we conclude that a = c and ax = cx. Now let y E G. If 
x = bh as before and if b - ‘y = dk (d E A, k E H), then y = (dx)f, where 
I = h ‘b ‘d ‘bdk E H. Thus Ax is a left transversal and A is stable. In a 
similar way it can be shown that B is stable. 
EXAMPLE 2.3. Let K be an arbitrary nonabelian group and H= Inn(K), 
the group of inner automorphisms of K. Let G = HK be the semidirect 
product of H and K. For k E K, let k denote the inner automorphism 
x -+ k ‘xk. LetA=Kand B={Lk-‘jkEKj.NowAand Barelefttrans- 
versals to H in G and AP = A, since A is normal in G. If 1~ A and kk ’ E B, 
then If;k ’ = kk- ‘I and thus [A, B] < H. (We are indebted to Stephen 
Glasby who pointed out this example.) 
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EXAMPLE 2.4. Let G = A, and H= {e, (12)(34)). Then there exist no 
stable transversals to H in G. 
LEMMA 2.5. Let H< G and A and B be H-connected transversals. Let 
CE Au B and K= (H, C). Then CE L,(K). 
ProoJ We must prove that x-lcx E K for every c E C and for every 
x E G. We can assume that c E A and x = bu for some b E B and u E H. 
Now xplc-lx = u-lb-lc-‘bu = u-lb-lc-lbcc-lu, Since b-‘c-‘bc E H, it 
follows that x-lc-lx E K. 
LEMMA 2.6. Let H be a proper subgroup of a simple group G and let A 
and B be H-connected transversals in G. Then H is maximal in G. 
ProoJ: Let a E A - H and put K= (a, H). By Lemma2.5, a E L,(K). 
Since L,(K) # 1 and G is simple, we conclude that L,(K) = G. But then 
K = G and thus H is a maximal subgroup of G. 
PROPOSITION 2.1. Let H 9 G and suppose that A and B are H-connected 
transversals in G. Zf L,(H) = 1, then N,(H) = H x Z(G). 
ProoJ: For every x E N,(H) we can define a mapping xX: A -+ A by 
x ~ ‘ax E f,(a) H. By Lemmas 2.1 and 2.2, f, is well-defined. Clearly, f, is a 
permutation on A. If x, y E N,(H) and a E A, then x-lax = f,(a)u, 
y-lfx(a)v =fy(fxla)h and Y plx-‘axy =f,,(a)w for some U, v and w E H. 
Then fXY(a)w=fY(fX(a))vy-‘uy and since vy-‘uy~ H, it follows that 
f,,(a) =f,f,(a). Thus the mapping F: x +fX-l is a group homomorphism 
from N,(H) to S, (the symmetric group on A). Since A and B 
are H-connected, we have D = Bn N,(H) E Ker(F). Now we write 
L = Ker(F) n H. Clearly, if x E L, then x E H and a - ‘xa E H for every a E A. 
Hence L E L,(H) = 1. 
Now N,(H) = DH and since L = 1, we have Ker(F) = (D ) = D. 
Moreover, D is normal in N,(H); hence N,(H) = H x D. 
It remains to show that D d Z(G). If g E G, then g = ah, where a E A and 
h E H. If de D, then d-‘g-‘dg= d-‘h-la-ldah = h-‘d-‘a-‘dah E H. Thus 
E = [D, G] <H and since E is normal in G, it follows that E = 1. Therefore 
D d Z(G) and N,(H) = H x Z(G). 
LEMMA 2.8. Let HQ G and let A and B be H-connected transversals in G. 
Consider a normal subgroup N of G, put L = L,(HN), and denote by f the 
natural homomorphism of G onto G/L. Then f(A) and f(B) are f(H)- 
connected transversals in GIL. 
ProoJ: Let a, CE A such that f(a-‘c) E f (H). Then f (b-‘a-‘cb) = 
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f(b ‘a-.‘bu.a.-‘b--‘bc.c ‘h ‘cb) EI(H) for every b E B. From this, 
f(a - ‘c) E L&f(H)) = 1 and j(a) =,f(c). For .f( B) we can proceed in a 
similar way. 
3. Two THEOREMS 
In our analysis of the relationship between a subgroup H and 
H-connected transversals A and B we shall examine the situation where 
H is cyclic and L,;(H) = 1. We first prove 
THEOREM 3.1. Let H be a subgroup of G such that L,(H) = 1 und sup- 
pose thut H is either a cyclic p-group or isomorphic to the Priifer-group C,.= 
for a prime p. Let A and B be H-connected transcersals. Then A = B is an 
abelian subgroup of G. 
Proqf: For every UE A there exists j’(a)~ B with uH =f’(cr)H. Hence 
f(a).. ‘UE H and j(a) ‘aaH=f(a) ‘uf(u)H=f(a) ‘qf(a)f‘(a)-‘a-’ 
f(a)aH= aH. Now we write c=f(d)-. ‘d for a fixed dE A. Let b E A be 
arbitrary and let K denote the subgroup generated by c and f(b)-‘b. 
Clearly, K is a cyclic p-group, hence K is generated either by c or by 
f(b) ‘h. If f(b)-‘6 is a generator, then cbH = (f(b) ‘b)“bH = bH and we 
get b -- ‘ch E H. 
Now assume that c is a generator of K. Then f(b) ‘bdH= dH=f’(d)H. 
Now d-‘,f(b)-‘bdE H and thus 
b-‘d-‘bd=b-‘f(b).f(b) .‘d ‘f‘(b)d.d ‘j‘(b) ‘bde H. 
Moreover, f(d) - ‘f(b) - ‘bd E H and consequently 
l-(b) - ‘f(d) ‘bd 
=f‘(b) ‘b.h ‘J‘(d).-‘bf(d).f(d)-‘f(b)-‘bd.d-’b-’f(b)dEH. 
Now f(b) ‘cb=f(b)- ‘f(d)-‘bdd-‘b-‘db belongs to H and finally 
b-‘cb=b-‘f(b)f(b). ‘cbE H. 
We have shown that in both cases b-‘cb E H and we conclude that 
CE L,(H) = 1; hence f(d) = d. But this means that A = B. Since A is 
H-selfconnected, we have abH = baH for all a, b E A. 
Now we shall show that A is a subgroup of G. For every pair (a, b) E 
A x A there exists a unique g(a, b) E A such that abH= g(a, b)H. Now 
g(a, b)= g(b, a) and if we write h(a, b)= g(a, b) ‘ab, then h(a, b)E H 
and h(a, b)b ‘0 ‘ha = h(b, a). Moreover, h(a, b)aH = g(a, b) ‘ahaH = 
g(a, b) ‘aabH = g(a, b) -- ‘ug(a, b) H = uH. 
Let a. h. and c belong to A and denote by R the subgroup generated by 
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h(a, h), h(c, 6) and h(c, c). Again, R is generated by one of these elements. 
If R is generated by h(c, 6) (or h(c, c)), then h(u, b)cH=cH and thus 
c ‘h(a, h)cc H. 
Next assume that h(a, h) is a generator of R. Then U=U-‘h(c, h)u~H, 
v = g(c, b) -‘u-‘chu = g(c,h) ‘u ‘g(c,b)uu~ H, w = h ‘c ‘u ‘cbu = 
NC, b) ‘vEH, z=c--‘6-1u-‘chu=c--‘h ‘chw~H, r=c-‘&‘a- ‘cg(u,h)= 
zu ‘h ‘g(u, h) = zh(b, u)-’ E H, s= c ‘/~(a, h)-‘c = rg(u, h) ‘c ‘g(u, h)c~ 
H, and finally t = s-’ = c. ‘/~(a, h)c E H. 
Thus we have shown that c -‘/~(a, b)c~ H; hence h(a, 6) E Lo(H), 
h(u, h)= 1, and g(u, h)=uh. We conclude that A is a subsemigroup of G. 
If UEA, then a ‘H=bH for some heA. Now H=abH, hence u~EH. 
Since A is H-selfconnected, ah = I and u-’ = h E A. This means that A is a 
subgroup and since uhH = huH for all a, b E A we get ah = ha. The proof is 
complete. 
EXAMPLE 3.2. Consider the alternating group A,. Let H be a Sylow 
3-subgroup (there are four Sylow 3-subgroups in A4). Now H is cyclic and 
L,(H) = I. If A and B are H-connected transversals, then A = B is the 
elementary abelian Sylow 2-subgroup. 
COROLLARY 3.3. Under the assumptions of‘ Theorem 3.1, lf G = (A, B), 
then G’ = 1. 
LEMMA 3.4. Let H < G, H cyclic, and L,(H) = 1. Let A and B be lefi 
trunsversuls to H in G and ah = hu for every a E A and h E B. Ij’ G = (A, B), 
then G = A = B is ubeliun. 
Proof: Clearly, C = (A ) n H is normal in G, hence C = 1 and (A ) = A 
is a normal subgroup of G. Similarly, (B) = B is normal in G and we have 
G=AB. Thus H=(ub), where UEA and DEB. Now G=AH=A(h). If 
c E B, then c = db”, where dE A and n is an integer. Since de A n B, it 
follows that dE Z(G). We conclude that B is abelian, H = 1, and G = A = B. 
THEOREM 3.5. Let H he a cyclic subgroup of u finite group G. Then 
G‘ < H ifund only if there exists u pair A, B of H-connected left trunsversuls 
in G such that G= (A, B). 
Proof Let A be any left transversal to H and h a generator of H. Then 
put B= Ah and the direct implication is clear. WC now prove the inverse 
implication. Assume that G is a counterexample of the smallest possible 
order. 
If II is normal in G, then G/H is abclian and G’d H, a contradiction. If 
1 < K-C H and K is normal in G, then G/K satislies our conditions and 
(G/K)’ d H/K yielding G’ d H. WC conclude that Lo(H) = 1. Furthermore, 
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if 1 # N is a normal subgroup of G, then G/L,(HN) satisfies our conditions 
(see Lemma 2.8); hence G’ < I’J HN) and HN is normal in G. 
We now prove that Z(G) = 1. If ZEZ(G) (z # l), then H(z) is normal 
in G. If x, y E Z(G) (x # 1, y # 1 ), x has order p, and y has order q (here 
p and q arc two different prime numbers), then H(x) n H(y) = H. This 
means that H is normal in G which is not possible. It follows that Z(G) is 
a p-group for a prime number p. Now HZ(G) is normal in G and if Q is 
a Sylow q-subgroup of H (q # p), then Q is a Sylow q-subgroup of HZ(G) 
and consequently Q is normal in G. This means that H is a cyclic p-group. 
By Theorem 3.1, G is abelian which is a contradiction. We conclude that 
Z(G) = 1. 
By Proposition 2.7, we have that NJ H) = H = C,(H). Let H = P, . . P,: 
where the subgroups Pi are the Sylow pi-subgroups of H. If N&P,) = H for 
every i then all the P,‘s are Sylow subgroups of G satisfying N,;(P,) = 
C,(P,). By the theorem of Burnsidc (see [ 13, p. 4193) we know that each 
P, has a normal complement in G and thus G = KH, where K is normal in 
G and KnH= 1. Now clearly, G’<K and since a-‘/> ‘ahEHnG’, we 
have ah = ba for every a E A and b E B. By Lemma 3.4, G is abelian and this 
is again a contradiction. 
Thus we may assume that H has a Sylow p-subgroup P such that 
N,(P) > H. Let T be minimal among those subgroups of N,(P) which 
properly contain H. Then H is a maximal subgroup of T and clearly 
N,-(H) = H and N,(P)= T. Since C,(P) is normal in N.,.(P), it follows 
that C,(P) > H and then C,.(P) = T, which yields P< Z( T). Since 
N,(H) = H, we have Z(T) < H. Now Z(T) is a characteristic subgroup of 
T. If 7’ is normal in G, then Z(T) is normal in G but this contradicts 
L,(H)= 1. 
Thus T is not normal in G. Now take an element a E (A n T) - H. Then 
T= (H, u) and by Lemma 2.5, UE LG.(T). Thus I,= L,;(T) # 1 and then 
HL = T is normal in G, a contradiction. The proof is complctc. 
EXAMPLE 3.6. Let G be the subgroup of S, generated by A = 
{e, (12)(34)(56), (135)(246), (164)(253), (145236) (154263)) and let H be 
the stabilizer of 1 in G. Now A is H-selfconnected, G is of order 24, H is 
elementary abelian of order 4, and NJ H) is elementary abelian of order 8. 
Clearly, G’ is not contained in H. 
COROLLARY 3.6. Let 1 # H he a cyclic subgroup of a finite group G bvith 
L,(H) = 1. If A, B is a pair of H-connected transcersuls in G, ther! 
Gf (AI B>. 
Remark. It seems to be an open problem whether the preceding result 
remains true in the infinite case. By Theorem 3.1, the answer is positive if 
H is a p-group or isomorphic to the Prtifer-group. 
118 NIEMENMAA AhI) KEPKA 
4. QLASIGROUPS AND LOOPS 
Let Q be a yuasigroup (i.e., a groupoid with unique division). For each 
UE Q we have two permutations L, (left translation) and R, (right 
translation) on Q defined by L,(x) = ux and R,(x) = xa for every x E Q. 
The subgroup of S, generated by the set of all left and right translations 
is called the multiplication group of Q and is denoted by M(Q). It is clear 
that M(Q) is transitive on Q and the stabilizers of elements of Q are 
conjugated in M(Q). If Q is a loop (i.e., a quasigroup with a neutral 
element e), then we denote the stabilizer of e by I(Q) and we say that Z(Q) 
is the inner mapping group of Q. The concept of multiplication groups was 
introduced by Albert in [ 1, 23 and Bruck [6] introduced the notion of the 
inner mapping group (the analogue for loops of the inner automorphism 
group of a group). 
We know that 1(Q) = 1 if and only if Q is an abelian group. If Q is a 
group, then I(Q) consists of the inner automorphisms of Q. In general, the 
inner mapping group is not a group of automorphisms. However, there are 
loops whose inner mapping group is a group of automorphisms: for 
example, the commutative Moufang loops (i.e., loops which satisfy the law 
xx .yz = xy .xz). These and many other results about inner mapping 
groups can be found in [S, 17, 193. 
Now assume that Q is a loop and put A = (L, 1 LIE Q} and B= 
(R,I UE Q}. It is easy to see that A and B are Z(Q)-connected (hence stable 
by Lemma 2.2) transversals to 1(Q) in IV(Q). Furthermore, if 1 < Kd 1(Q), 
then K is not normal in M(Q). Finally, it is clear that M(Q) = (A, B). 
We are now ready to state a theorem in which we reformulate and 
generalize some results from [3], [lS] and [16]. 
THEOREM 4.1. A group G is isomorphic to the multiplication group qf a 
loop if and only if there exists a subgroup H satisfying L,(H) = I und 
H-connected transversals A and B satisfying G = (A, B). 
Proof. If Q is a loop then we can choose G = M(Q), H = 1(Q), and A 
and B as in the discussion before the theorem. 
Now assume that G has a subgroup H and H-connected transversals A 
and B satisfying the conditions of the theorem. For each x E G, there is 
exactly one f(x)E A such that f(x)H =xH, i.e., x ‘f(x)E H. Let K be the 
set of left cosets of H in G. We now define a binary operation (*) on K by 
(xH) * (yH) =f(x) yH. 
If u ‘XE H and v ‘y E H, then f(x) = f(u) and (f(x)v) ‘f(x) y = 
t: ‘YE H. We conclude that (*) is well-dlined. Now A is a stable 
transversal to H in G and by using this fact it is easy to see that (K, *) is 
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a quasigroup. Since A and B are H-connected and LG.(H) = 1, it follows 
that 1 E A; hence (K, *) is a loop. For each x E G, there also exists exactly 
one K(X)E B with xH= g(x)H. Now (xH) * (yH)=f(x)yH=f(x)g(y)H. 
Since A and B are H-connected, we have j’(x) R( y) H = g(y)f(x) H. 
Then consider the action of G on K by left multiplication. Since 
LG( H) = 1, the kernel of the permutation representation corresponding to 
the action is trivial. We conclude that M(K) is isomorphic to G, since 
G = (A, B). The proof is complete. 
We also have 
COROLLARY 4.2. A group G is isomorphic to the multiplication group of 
u commutative loop of und only if’ there exists u subgroup H of G satisfying 
L,;(H) = 1 and an H-selfconnected transversal A satisfving G = (A). 
We arc now ready to prove 
THEOREM 4.3. Let Q be a loop such thut l(Q) is a cyclic group. Then Q 
is an aheliun group provided that ut least one of the following conditions is 
satisfied: 
(1) Q is finite, 
(2) Q is c1 group, 
(3) L(Q) is a p-group for a prime p. 
Hence in all these cases Z(Q) = 1. 
Proof Now (1) follows from Theorems 3.5 and 4.1. Clearly, (2) is 
folklore and (3) follows from Theorem 3.1. 
Finally, we make some remarks about the preceding theorem and the 
situation in quasigroups. 
Remark 1. The problem whether f(Q) cyclic implies Q to be an abclian 
group is still unsolved in the general case. 
Remurk 2. Let n > 2 and consider the elementary abelian 2-group 
(Q, + ) of order 2” and with basis {a,, . . . . a,}. Let f‘ be an automorphism 
of (Q, + ) such that f(a,) = u2, . . . . .f(a,- ,) = a, and f(a,) = a,. If we put 
.Y * y =f‘(x + y) for all X, y E Q, then (Q, *) is a quasigroup (which is not 
a group) and the stabilizers of elements of Q in M(Q) are cyclic groups of 
order n. By considering an elementary abelian 2-group with an infinite 
countable basis a similar construction gives an example of a quasigroup 
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which has the property that the stabilizers of elements of Q are infinite 
cyclic groups. 
Remark 3. Quasigroups whose multiplication groups have small stabi- 
lizers are described in [ 17, IS]. 
5. MULTIPLICATION GROUPS OF LOOPS 
All abelian groups are naturally isomorphic to multiplication groups of 
loops. For every n z 5 there exists a loop Q of order n such that M(Q) = S,, 
(see [9, Theorem 3. I. I 1). For every n 3 6 there exists a loop Q of order n 
such that M(Q)=A,, (see [Ill). 
Now consider a loop Q with the following multiplication table: 
123456 
214365 
345621 
436512 
561234 
652143 
Here M(Q) is a nonnilpotcnt group of order 24 and I(Q) is isomorphic to 
Klein’s four group. 
The rest of the section is devoted to groups which are not multiplication 
groups of loops. Let G be a group and 1 -C H-C G. Now we consider the 
following conditions on H: 
(1) L?(H)> 1, 
(2) N,(H) > HZ(G), 
(3) H is a cyclic p-group or H is isomorphic to the Priifer group, 
(4) H is cyclic. 
Proposition 2.7, Theorem 4.1, and Theorem 4.3 yield 
THEOREM 5.1. Suppose that G is a group und each proper nontrivial suh- 
group of G satisfies either (I), (2), or (3). Then G is not isomorphic to the 
multiplication group of a loop. If G is (I finite group und every proper 
nontrivial subgroup of G satiqfies either (l), (2), or (4) then G is not 
isomorphic to the multiplication group of a loop. 
By using the preceding theorem it is easy to see that S,, Sq, and A, are 
not isomorphic to multiplication groups of loops. The conditions of 
Theorem 5.1 are also satisfied by the following groups: 
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(1) Hamiltonian groups, 
(2) Heineken-Mohamed groups (these infinite groups have trivia1 
centre but the proper subgroups are properly contained in their nor- 
malizers; see, e.g., [ 12]), 
(3) Blackburn groups (A finite group is a Blackburn group if it is 
neither abelian nor hamiltonian and the intersection of all nonnormal 
subgroups is not trivial; in a Blackburn group every minimal subgroup is 
normal; see [ 5]), 
(4) Dihedral groups, 
(5) Nonprimary Redei groups (a finite group is nonprimary Redei if 
it is not abelian, not of prime power order, and each of its subgroups is 
abelian; for the structure of these groups see [ 13, pp. 281 and 2861). 
Remark 1. Drapal [lo] has shown that A, is not isomorphic to the 
multiplication group of a loop. For dihedral groups this was first shown 
by Ihringer [lS]. 
Remark 2. Hamiltonian groups and Heineken-Mohamed groups are 
not multiplication groups of quasigroups. This was first shown by Kepka 
[17] and Smith [20]. 
Remark 3. All finite dihedral, symmetric, alternating, general linear, 
projective general linear groups, and the Mathieu groups M,, and Mz3 are 
isomorphic to multiplication groups of quasigroups; see Ihringer [ 141. 
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